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Abstract. We have developed methodology for NMR quantum computing focusing on enhancing the 
efficiency of initialization, of logic gate implementation and of readout. Our general strategy involves the 
application of rotating frame pulse sequences to prepare pseudopure states and to perform logic opera-
tions. We demonstrate experimentally our methodology for both homonuclear and heteronuclear spin en-
sembles. On model two-spin systems, the initialization time of one of our sequences is three-fourths (in 
the heteronuclear case) or one-fourth (in the homonuclear case), of the typical pulsed free precession se-
quences, attaining the same initialization efficiency. We have implemented the logical SWAP operation 
in homonuclear AMX spin systems using selective isotropic mixing, reducing the duration taken to a 
third compared to the standard re-focused INEPT-type sequence. We introduce the 1D version for read-
out of the rotating frame SWAP operation, in an attempt to reduce readout time. We further demonstrate 
the Hadamard mode of 1D SWAP, which offers 2N-fold reduction in experiment time for a system with 
N-working bits, attaining the same sensitivity as the standard 1D version. 
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1. Introduction 

NMR Quantum computation comprises three steps, 

viz. initialization of the spin ensemble, computation 

and readout of results. We have developed and im-

plemented methodology in an attempt to enhance the 

efficiency of all three steps. Efficiency in this con-

text refers both to the step duration and, perhaps 

even more significantly, to sensitivity or robustness 

to noise, governed in part by relaxation losses. Ro-

tating frame sequences1
 are known in general to differ 

from their Pulsed Free Precession (PFP) counter-

parts in coherence transfer (CT) and relaxation char-

acteristics. Favourable CT rates, CT amplitudes and 

relaxation rates may result in enhanced efficiency 

with rotating frame sequences. Our general approach 

therefore involves the design and implementation of 

rotating frame sequences to initialize the spin en-

semble and to implement logic operations. 

 The generation of pseudopure states is desirable 

in initializing a spin ensemble for quantum comput-

ing.
2–4

 When we deal with heteronuclear spin sys-

tems it is convenient to first prepare the symmetric 

state from the thermal state; the pseudopure state 

may then be prepared from the symmetric state. Our 

approach explores the implementation of J-cross pola-

rization (JCP) to create symmetric density matrices 

in a two-spin heteronuclear spin system; by further 

application of JCP, we seek to prepare the pseu-

dopure state. In the case of homonuclear spin systems, 

where the thermal state is symmetric, we explore 

isotropic mixing to prepare the pseudopure state di-

rectly from the thermal state. We show that in both 

systems, the ‘initialization’ time is reduced for a 

given amplitude of the resulting pseudopure state. 

The pseudopure state thus generated may be visualized 

by quantum state tomography5,6
 and may further be 

employed to run a quantum algorithm, e.g. Grover’s 

algorithm.
7,8

 

 The logic operation SWAP
9,10

 performed on cou-

pled spins (I–S) interchanges the I and S spins in 

any given product operator. 
This permits execution 

of a conditional NOT (C-NOT) or exclusive OR 

(XOR) logic gate between spins that are not coupled 

to each other. While the original implementations of 

SWAP were performed with a series of bilinear rota-

tions, it seems natural to seek to implement SWAP 

by isotropic mixing, the relevant mixing Hamilto-

nian being equivalent to a permutation operator.
11,12

 

Indeed, this has been shown to lead to reduction of 

the ‘gating time’ to one-third, working on a two-

spin-1/2 system.13
 We have implemented the logical 

SWAP operation on the homonuclear AMX spin 

system using selective isotropic mixing. We show 
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that the gating time is reduced to one-third in this 

case as well, to (1/2J) when compared with the stan-

dard sequence which has the gating time (3/2J), J 

being the coupling constant between the computa-

tion spins. The resulting significant gain in robust-

ness to noise is to be underscored, especially for 

homonuclear 1
H systems, the gate duration being re-

duced by as much as 140 ms (for J ~ 7 Hz), resulting 

typically in at least 20% sensitivity enhancement. 

The implications for a cascade of steps could be 

very significant indeed. 

 The SWAP operation may be readout experimen-

tally by performing a 2D experiment, which places 

obvious demands on experiment time. While ultrafast 

2D implementations14
 could be adapted for quantum 

computing, here we have developed a 1D analog
15

 of 

the 2D SWAP readout, resulting in considerable re-

duction in readout time. In the 1D mode we employ 

transition selective pulses to excite the multiplet 

components of the observer spin (ancilla bit) indi-

vidually and perform selective isotropic mixing on 

the operational or computation spins. This 1D im-

plementation of SWAP readout typically reduces the 

readout time by two orders of magnitude in com-

parison with the conventional 2D mode. In an at-

tempt to further enhance the sensitivity or reduce the 

time of readout we have developed another set of 

experiments15
 with Hadamard

16
 encoding and decod-

ing. The excitation of the multiplet components of 

the observer spin is now phase encoded in keeping 

with the rows of the Hadamard matrix. The resulting 

spectra are then decoded in accordance with the col-

umns of the Hadamard matrix. For fixed experiment 

time this mode offers sensitivity improvement by a 

factor of M , where M is the number of multiplet 

components involved, which is 2
N
 for spin-1/2 sys-

tems, N being the number of working bits (qubits or 

computational spins). 

2. Theory and experiments 

In the following, we summarize the theoretical con-

siderations and pulse sequence design for each of a 

number of the steps involved in quantum computing. 

All experiments were performed on a Bruker Avance 

400 MHz NMR spectrometer system. 

2.1 Preparation of pseudopure states 

2.1a Heteronuclear two-spin-1/2 spin systems: 

We have chosen a heteronuclear two spin-1/2 system 

to implement our proposed rotating frame sequence. 

In this heteronuclear AX spin system the thermal 

state is [4Iz + Sz], where I represents the 
1
H spin and 

S represents 
13

C. We first prepare a symmetric state 

(5/2)[Iz + Sz] from the above unsymmetrical thermal 

state by employing J-cross polarization.15,17
 With this 

symmetric state as the starting point, we prepare the 

pseudopure state, a[Iz + Sz + 2IzSz], by using another 

JCP module. The pulse sequence developed by us is 

shown in figure 1. 

 The functioning of our pulse sequence may be 

readily visualized by a density matrix calculation. 

Segment A of the pulse sequence gives rise to: 
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x
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z z z z z z
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Figure 1. Pulse sequence to prepare pseudopure state 
from thermal state. The sequence is divided into two 
segments A and B. Segment A of the sequence converts 
the unsymmetric thermal state of the CH system [4Iz + Sz] 
into a symmetric state (5/2)[Iz + Sz]. Spin lock is per-
formed by using the PRAWN mixing sequence, which is 
highly selective and has low rf power deposition. The du-
ration of the pulses in the spin lock train is 50 μs for the 
13C and 1H channels, the pulse interval being 203⋅5 μs. 
The mixing time is (1/2J) s, which in this case is 2⋅28 ms. 
For the 90° hard pulse 10 μs duration is employed for 
both 1H and 13C channels. z-gradient of 1 ms duration and 
amplitude 8⋅67 G/cm was used. Segment B of the se-
quence converts the symmetric state into a pseudopure 
state. The JCP sequence is the same as above. The mix-
ing time here is (1/4 JAX) or (1/2⋅16 JAX), depending upon 
the flip angles θ and ϕ. z-gradient of 1 ms duration with 
amplitude 22⋅36 G/cm was employed. In homonuclear 
spin systems the thermal state is symmetric and the first 
segment of the sequence, A, is not required. We incorpo-
rate isotropic mixing instead of JCP with the mixing time 
(1/8J) or (1/4J) for two different sets of θ and ϕ. Genera-
tion of the pseudopure state may be demonstrated by ap-
plying the last (dotted) pulse and acquiring data. The 
readout is performed by a hard 90° pulse on 13C/1H chan-
nel, whereas in the case of homonuclear spin systems it is 
a spin selective 90° pulse.  
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Segment B of the sequence leads to: 
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The final density matrix at the end of the pulse se-

quence is given in (2a). This state corresponds to a 

pseudopure state provided the following condition is 

satisfied: 

 

 
2

1
tan sin sin( )

4

Jtπ
θ ϕ =  (2b) 

 

By variation of the parameters of segment B of the 

sequence of figure 1, viz. the flip angles θ, ϕ and the 

spin lock duration t of (2a), while ensuring that (2b) 

is satisfied, we obtain pseudopure states of different 

amplitudes. While a fairly large set of choices of (θ, 

ϕ, t) lead to similar resulting amplitudes, we chose 

three settings for segment B of the sequence of fig-

ure 1, for which the spin lock duration is relatively 

short and the resulting pseudopure state amplitude is 

comparable with the laboratory frame sequences.
3,4

 

 The amplitudes of the pseudopure state created by 

these three choices for segment B of our rotating 

frame sequences, labelled SL-1a, SL-2a and SL-3a 

are shown in table 1 for different values of θ, ϕ and 

t. Table 1 also exhibits relevant parameters of the 

standard PFP sequences.3,4
 The effect of relaxation 

on amplitudes has been ignored for the purposes of 

this comparison. 

 The sequence SL-1a results in essentially the 

same amplitude as does the corresponding laboratory 

frame sequence PFP-1a, but takes half the time to 

transform the symmetric state to the pseudopure 

state. This implies that the total initialization time 

with the rotating frame sequence of figure 1, incor-

porating SL-1a for segment B is three-fourths that of 

the corresponding laboratory frame approach, both 

approaches requiring a time (2J)–1
 to first transform 

the thermal state to a symmetric state with equal ef-

ficiency. 

 Our rotating frame sequence SL-2a for segment 

B, on the other hand, requires 66⋅67% of the mixing 

time of the corresponding laboratory frame sequence, 

PFP-2a, while leading to 86⋅6% of its resulting ampli-

tude. Once again, both rotating and laboratory frame 

versions require (2J)–1
 to first transform the thermal 

state to a symmetric state with equal efficiency. 

 The implication of a pseudopure state amplitude 

of 0⋅5 is that the two-spin-1/2 diagonal density matrix 

has elements proportional to 2⋅5 (0⋅25, 0⋅25, 0⋅25,  

–0⋅75). This is to be contrasted with the thermal state 

diagonal density matrix for the 
13

CH system where the 

elements are proportional to (2⋅5, 1⋅5, –1⋅5, –2⋅5) 

and the corresponding symmetric state diagonal 

density matrix where elements are proportional to 

(2⋅5, 0, 0, –2⋅5), the proportionality constants being 

identical for the three states in question. 

 
 

Table 1. Two different rotating frame sequences to 
generate pseudopure states from symmetric states and 
comparison with corresponding laboratory frame sequen-
ces for heteronuclear two-spin-1/2 systems. 

Pulse   Mixing 
sequence  θ ϕ time (t) Amplitude 
 

SL-1a 45° 40⋅79° 1/(4 J) 0⋅4946 
SL-2a 45° 30° 1/(3 J) 0⋅5303 
SL-3a 40° 33° 1/(2⋅73 J) 0⋅5362 
PFP-1a Sandwich 45° 1/(2 J) 0⋅5 
PFP-2a 45° 30° 1/(2 J) 0⋅6123 
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 The implementation of a quantum algorithm gener-

ally starts with the initialization of the spin ensem-
ble. Starting from thermal equilibrium and incorporating 

our methodology for initialization by generating 

pseudopure states, we have implemented Grover’s 
search algorithm

7,8
 on a heteronuclear two spin-1/2 

system. The standard pulse sequence
8
 for the im-

plementation of Grover’s algorithm is shown below, 
starting with the pseudopure state PPS: 
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The sequence involves an ‘inversion about average’ 

operation, implemented by the pulse sandwich that 

is flanked by delays of (2J)–1
. Four scans are per-

formed with different values of φ1 and φ2. The four 

different values of φ1 and φ2 for performing the in-

version operation are shown in table 2. The readout 

is performed on 13
C and 

1
H spins. The result from 

execution of Grover’s algorithm is interpreted in 

terms of the relative phases of the multiplet compo-

nents of the spins detected
 
on both channels.

8
 

2.2 Pseudopure state preparation for homonuclear  

two-spin-1/2 systems 

2.2a Basic pulse sequences: The thermal equilib-

rium density matrix for homonuclear spin systems is 

symmetric. The generation of a pseudopure state 

does not therefore require any prior symmetric state 

preparation unlike the situation with heteronuclear 

spin systems. The pulse sequence shown in figure 1 

may therefore be used without segment A of the se-

quence, employing isotropic mixing instead of J 

cross polarization (planar mixing) in segment B. The 

 

 

Table 2. The phases φ1 and φ2 shown in 
the pulse sequence for the implementation 
of Grover’s algorithm (pulse sequence as in 
text). 

 Phase 
 

State φ1 φ2 
 

|00〉  x  x 

|01〉 –x  x 

|10〉  x –x 

|11〉 –x –x 

spin evolution and condition for generation of pseu-

dopure state are shown in (3a) and (3b). 
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By variation of the parameters of segment B of the 

sequence of figure 1, viz. the flip angles θ, ϕ and the 

spin lock duration t of (3a), while ensuring that (3b) 

is satisfied, we obtain pseudopure states of different 

amplitudes. While a fairly large set of choices of (θ, 

ϕ, t) lead to similar resulting amplitudes, we chose 

three settings as in table 3 for segment B of the se- 

 

 

Table 3. Two different rotating frame sequences to 
generate pseudopure states and comparison with corre-
sponding laboratory frame sequences for homonuclear 
two-spin-1/2 systems. 

Pulse   Mixing 
sequence θ ϕ time (t) Amplitude 
 

SL-1b 45° 45° 1/(8 J) 0⋅5 
SL-2b 50° 36⋅4° 1/(8 J) 0⋅5174 
SL-3b 42° 34° 1/(4⋅32 J) 0⋅6160 
PFP-1b Sandwich 45° 1/(2 J) 0⋅5 
PFP-2b 45° 30° 1/(2 J) 0⋅6123 
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quence of figure 1, for which the spin lock duration 

is relatively short and the resulting pseudopure state 

amplitude is comparable with the laboratory frame 

sequences.3,4 

 Clearly, sequence SL-1b requires one-fourth the 

mixing time of sequence PFP-1b, to attain the same 

pseudopure state amplitude (0⋅5), while SL-2b pro-

duces 3⋅5% extra amplitude for the same mixing 

time, with slightly different flip angles. The third 

sequence SL-3b on the other hand, requires 46⋅3% 

of the mixing time required by PFP-2b and reaches 

the pseudopure state amplitude 0⋅6160, representing 

a marginal 0.6% amplitude gain. 

 Further, sequences may also be designed to reach 

pseudopure state amplitudes that correspond to the 

unitary bounds on the transformations of states into 

one another.18–20 

 It may be noted however that homonuclear two-

spin zero quantum coherence (ZQC) survives the 

gradient (figure 1) – or any phase cycling. It is to be 

eliminated for the final state to be a genuine pseu-

dopure state. The final state of the system calculated 

is shown in the expression given by (4). Equation 4 

follows from (3a), recognizing that the I1xI2x term 

which is a mixture of ZQC and double quantum co-

herence (DQC) of x-phase has its DQC component 

spoiled by the crusher gradient of duration τg, while 

ZQC of x-phase processes during this time. 
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Here a is the amplitude of the pseudopure state, ωΔ 

being the zero quantum precession frequency in 

rad/s. We adopt the following strategy for elimina-

tion of homonuclear two-spin zero quantum coher-

ence in the final state. 

 

2.2b Elimination of two-spin homonuclear zero 

quantum coherence: A spin selective π pulse is-

sued before readout converts zero quantum coherence 

to double quantum coherence: which gets inverted 

by a 90° phase shift of this pulse. We may therefore 

perform two experiments with phase shifted π pulses, 

respectively of phases x and y, adding the resulting 

signals. This removes the ZQC/DQC in the final state, 

producing the desired pseudopure state. Note that 

the selective inversion pulse also transforms one 

pseudopure state into another. We have adopted this 

strategy in our experiments. 

 Experiment 1: 
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Experiment 2: 
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Adding (5) and (6) results in the pseudopure state. 
 

 (5) + (6) ⇒ 2a[I1z – I2z + 2I1zI2z]. (7) 
 

The elimination of ZQC is also possible in a single 

scan: a suitable crusher gradient after the inversion 

pulse will result in the desired pseudopure state. 

 

2.2c Quantum state tomography of a two-spin-1/2 

system: As an illustration of the quantum state to-

mography of a pseudopure state in a homonuclear 

two-spin-1/2 system, we have investigated a pair of 

equivalent protons in a nematic liquid crystalline 

environment employing standard methods. The sys-

tem now corresponds to a three level system,21
 being 

a qutrit in effect. 

 The generation of pseudopure states in a multi-

level system that exhibits quadrupolar or dipolar 

couplings is easily realized experimentally using 
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transition selective pulses.
22–25

 For a spin-1 – or two 

equivalent spins-1/2 – in liquid crystal medium we 

have three energy levels (corresponding to a single 

qutrit); two single quantum transitions may be ob-

served in the spectrum, with a splitting of the order 

of hundreds if not thousands of Hertz, depending on 

the order parameter. 

 We may prepare three different pseudopure states 

in a single qutrit system,26
 employing the straight-

forward approach of destroying coherence with a 

spoiler following a single transition excitation pulse 

that maximizes coherence, immediately followed if 

required by an inversion pulse. The pulse sequence 

is shown in table 4. 

 θij 
and ϕ

ij 
represent transition selective pulses 

connecting the two energy levels |i〉 and |j〉. To find 

the flip angle θ that saturates the transition under 

consideration one may derive analytical expressions
27

 

for the two different single quantum transitions. The 

transition selective pulse propagators Xij and Yij of 

phase x and y respectively are shown in (8) or the 

two single quantum transitions. For the generation 

of a pseudopure state (PPS-|0〉 and PPS-|2〉) from the 

above propagators we find θ = 63⋅6°. For the gene-

ration of PPS-|1〉 the pulse ϕ = 127⋅26° acts as an 

inversion pulse, inverting the populations across the 

corresponding transition. 
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Table 4. Pulse sequence to generate three different 
pseudopure states in a single qutrit system. 

Pulse sequence Pseudopure state 
 

θ
12

–Grad PPS-|0〉 
θ
01

–Grad PPS-|2〉 
θ
12

–Grad–ϕ
01

–Grad PPS-|1〉 

 

 

We perform quantum state tomography to character-

ize the system after generating the pseudopure state. 

In general, the quantum state of the system is des-

cribed by the density matrix. The density matrix for 

a three level system may be represented by a 3 × 3 

matrix, e.g. (9): 
 

 .

a a b b

a a c c

b b c c

a x iy x iy

x iy b x iy

x iy x iy c

ρ

+ +⎛ ⎞
⎜ ⎟

= − +⎜ ⎟
⎜ ⎟− −⎝ ⎠

 (9) 

 

Tomographic reconstruction of the density matrix 

requires nine elements to be detected. The three di-

agonal elements a, b, c in (9) could be directly ob-

tained by a single experiment employing a crusher 

followed by a single hard pulse with small flip an-

gle. We do six additional experiments to find the 

remaining six elements of the density matrix.
28

 The 

choice of the unitary operation is such that the ele-

ments to be identified in the density matrix are 

brought into the diagonal position of the matrix fol-

lowed by a crusher gradient which destroys the un-

wanted coherences. The diagonal elements are then 

identified by a small flip angle read pulse. The set of 

six experiments is performed for each of the three 

pseudopure states and the thermal equilibrium state. 

2.3 Implementation of SWAP and readout in 1D 

mode
15

 

The logical SWAP operation when performed using 

isotropic mixing reduces the gate time to (1/2J), and 

the experimental verification was performed on a 

two-spin-1/2 system in 2D mode.13
 Here, we employ 

1D and multiplexed 1D approaches and demonstrate 

the application and performance of selective isotropic 

mixing on a three-spin-1/2 system. 

 The functioning of SWAP performed on opera-

tional spins may be tracked by monitoring the transi-

tions of the observer spin. On our model AMX spin 

system we choose the two spins corresponding to 

the high field multiplets as the operational spins I1 
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and I2, while the spin corresponding to the low field 

multiplet arises from the observer spin I0 (figure 6a). 

Spin I0 exhibits a four line pattern and the four tran-

sitions are labeled as line-a to line-d as indicated in 

figure 6a. We attempt to establish the functioning of 

SWAP by-performing a short series of 1D experi-

ments. The pulse sequence we have developed is 

shown in figure 2; it is implemented with a two-step 

phase cycle involving phase alternation of the final 

90° pulse, with no change in the receiver phase. 

 Note that sequence b effectively involves not only 

a 270° pulse rotation of the chosen transition around 

y, but in addition the inversion of spin labels of the 

coupled spins. This results in ‘migration’ of the se-

lected multiplet component. The inner lines (lines b 

and c, with coupled spin states αβ2 and βα2) are 

further affected by SWAP in sequence a, while the 

outer lines (lines a and d) are not (the coupled spin 

states being α1α2 and β1β2 in this case). The detailed 

dynamics is illustrated by density matrix calcula-

tions of the transitions of the observer spin I0 for the 

downfield component and the next higher field 

component (line-a and line-b, respectively) for the 

sequences with and without SWAP. 

 Excitation of line-a followed by SWAP (figure 

2a.): 
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Iyz
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Figure 2. (a) Pulse sequence to implement 1D SWAP. 
The first soft pulse is a transition selective pulse on ob-
server spin I

i

0, where the superscript ‘i’ represents one of 
the multiplet components of the spin. Transition selectiv-
ity is achieved by using a Gaussian pulse of 500 ms dura-
tion. For the hard 90° pulse we use 8 μs. The isotropic 
mixing is performed by a train of π-pulses each of dura-
tion 2 ms and pulse interval 400 μs. The mixing time is 
1/2J s, which is 50 ms in this case. (b) Pulse sequence 
without SWAP. A two-step phase cycling was imple-
mented, comprising selective pulse phase alternation to-
gether with the receiver. 
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Excitation of line-a, without SWAP (figure 2b): 
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Excitation of line-b followed by SWAP (figure 2a): 
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Excitation of line-b, without SWAP (figure 2b): 
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Excitation of line-a leads to line-d and vice versa, 

regardless of the SWAP operation. However when 

line-b or line-c is excited, the effect of SWAP is that 

the intensity returns to the transition excited. The 

experimental verification is presented in §3.2. 

2.4 Implementation of SWAP and readout in  

multiplexed 1D mode15 

We propose another set of experiments with the Ha-

damard
16,29

 mode of excitation and decoding to im-

prove the sensitivity of the 1D version described 

above. A multiple selective shaped pulse with suit-

able multiple modulation provides the desired phase 

encoding of the multiplet components of the ob-

server spin. We have effected quadruply selective 

excitation on I0, following in turn each of the rows 

of the Hadamard matrix of order four. The pulse car-

rier frequency was in each case set to the multiplet 

center, the two modulation frequencies correspond-

ing to one-fourth the sum and difference of the outer 

line splitting and the inner line splitting. 

 The Hadamard matrix of order four is given by: 
 

 

1 1 1 1

1 1 1 1
.

1 1 1 1

1 1 1 1

H

⎡ ⎤
⎢ ⎥− −⎢ ⎥=
⎢ ⎥− −
⎢ ⎥

− −⎢ ⎥⎣ ⎦

 (14) 

 

Four experiments were performed with four different 

modulation schemes, providing the four different 

modes of phase encoding of the multiplet compo-

nents. A shaped pulse with suitable cosine and sine 

modulation is used to generate the desired phase en-

coding. The encoding scheme we use is shown in  

table 5. 

 The decoding scheme follows the columns in the 

Hadamard matrix. The experiment time to attain a 

given sensitivity is hereby reduced to one fourth, in 

comparison with the time required for the 1D se-

quence without the Hadamard strategy. 

 It may be noted that the performance of any logic 

operation is most completely described by gate fi-

delity which may be calculated from a suitable 

quantum process tomography measurement.30
 

Table 5. The trigonometric identities establishing the 
encoding pattern which follows the rows in the Hadamard 
matrix. 

Modulation scheme Encoding of the peaks 
 

Cosine-Cosine + + + + 
Sine-Cosine + – + – 
Cosine-Sine + + – – 
Sine-Sine + – – + 

3. Results and discussion 

3.1 Preparation of pseudopure states 

3.1a Heteronuclear two-spin-1/2 system: We have 

tested our sequences on a heteronuclear two AX spin 

system. A sample of formic acid (JAX = 219⋅16 Hz) 

with 99% 
13

C, in C6D6 solvent was used. The gene-

ration of the pseudopure state is verified by perform-

ing readout on both 1
H and 

13
C channels. The 

experimental spectra are shown in figure 3. 

 The ratio of amplitudes in the thermal equilibrium 

spectrum is 1 
:
 
1 for both the nuclei. The theoretical 

amplitude of the pseudopure state spectrum is 2⋅5 
:
 
0 

and 0⋅625
 
:
 
0 for 

13
C and 

1
H spins respectively. The 

respective experimental peak amplitude ratios ob-

tained by our method is 2⋅23 
:
 
–0⋅15 and 0⋅57

 
:
 
–0⋅03. 

The laboratory frame counterpart gives 2⋅35
 
:
 
0⋅29 

and 0⋅59
 
:
 
0⋅12 respectively. Note in both cases the 

significantly larger ‘contamination’ in the pseu-

dopure states obtained by the laboratory frame se-

quences. 

 Grover’s algorithm was implemented on the same 

heteronuclear sample as above. The pseudopure state 

was created by our rotating frame sequence (SL-1a). 

The quality of the results is comparable to the corre-

sponding laboratory frame approach with temporal 

averaging.
31 

 

3.1b Homonuclear two spin-1/2 system: We have 

also experimentally tested the generation of pseu-

dopure states on homonuclear two spin-1/2 systems. 

The sample used is cinnamic acid in DMSO-d6. The 

aliphatic trans-protons being used as qubits have a 

coupling constant of 16 Hz. As pointed out earlier, 

the thermal equilibrium state of the system is sym-

metric and segment B of the pulse sequence in fig-

ure 1 is used as the starting point to create the 

pseudopure state in this case. The experiment is per-

formed for θ = φ = 45°, t = 1/8J [SL-1b]. The read-

out is performed on both the spins. The θ and ϕ 

pulses of different phases are realized as follows, the
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Figure 3. Spectra resulting from pseudopure state of heteronuclear AX spin system generated 
employing the pulse sequence SL-1a of figure 1. (Arbitrary ‘shift’ scale.) The experiment was per-
formed for θ = φ = 45°, t = 1/4 JAX. Readout is performed on 

13
C and 

1
H channels. (a) and (b) are 

13
C and 

1
H spectra. Other sequence parameters as in the caption to figure 1. 

 

 

 
 

Figure 4. Spectra from homonuclear AX spin system. (a) and (b) are thermal equilibrium spec-
tra of low field and high field doublet components respectively. (c) and (d) are corresponding low 
and high field spectra obtained after the generation of pseudopure state (sequence SL-1b). (Arbi-
trary ‘shift’ scale.) The experiment was performed for θ = φ = 45°, t = 1/8 J. (4Δδ

–1
 = 589.43 μs in 

the present case. We use a 17 μs, 90° hard pulse on 
1
H channel. Isotropic mixing is performed us-

ing DIPSI-2 sequence. The readout is performed with a 6 ms spin selective Gaussian pulse. Other 
sequence parameters as in the caption to figure 1. 

 

 

transmitter offset being at the mean chemical shift of 

the two spins: 

 

 I1
 
:
 
θy 

 

 
2

1
: : 90 90 ,

4( )y x x
I θ

δ
− −

− −
Δ

 

 

 I1
 
:
 
ϕx 

 

 
2

1
: : 90 90 ,

4( )x y y
I ϕ

δ− −

− −
Δ

 

I1 and I2 represent the two spins with chemical shift 

difference Δδ. The spectra are presented in figure 4. 

 The ratio of amplitudes of the thermal equilibrium 

spectrum is 1 
:
 
1 for both the spins. The experimen-

tal amplitude ratio by our method for the high field 

doublet is 0⋅93
 
:
 
0⋅04 and for the low field doublet is 

0⋅25
 
:
 
1⋅04. Note that different components are 

picked in the two doublets owing to the effect of the 

spin selective π pulse employed for suppression of 

zero quantum coherence. The laboratory frame se-

quence gives –0⋅7979
 
:
 
0⋅26 for high field doublet 

and –0⋅6690
 
:
 
–0⋅2975 for the low field doublet
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Figure 5. Quantum state tomography on CH2Cl2 in EBBA. (a) Thermal equilibrium. Three dif-
ferent pseudopure states generated are shown in (b), (c) and (d). The plot describes only the real 
part of the density matrix. 

 

 

 

respectively. The time duration for the generation of 

pseudopure state is 7⋅81 ms in this case. On the 

other hand, both laboratory frame sequences require 

a time duration of 31⋅25 ms. The significant im-

provement in the amplitude and ‘purity’ of the pseu-

dopure state obtained with the rotating frame 

sequence may be underscored. 

 

3.1c Quantum state tomography on a two-spin-1/2 

system: We have employed CH2Cl2 in EBBA as the 

sample. Probing the system in thermal equilibrium, 

we get two lines of equal intensity separated by 

4076⋅34 Hz at 30°C. Being a three level system,21
 

three different pseudopure states could be prepared 

by equalizing the populations in any two of the lev-

els. The pulse sequence used has been shown in ta-

ble 4. We then perform quantum state tomography 

to map all the elements in the density matrix. The 

peak intensities are the measure of the population 

differences; employing the additional condition that 

the trace of the density matrix is zero results in three 

linear equations from which we get the diagonal 

elements of the density matrix. As described earlier 

we perform six additional experiments and by solv-

ing the resulting equations we determine the  

off-diagonal elements in the density matrix.
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Figure 6. (a) 1D spectrum of 2,3-dibromopropionic acid. The labelling of the multiplet compo-
nents of the observer spin (I0) is indicated. (b) 1D Spectra with SWAP. (c) 1D spectra without 
SWAP. (Arbitrary ‘shift’ scale.) Transition selective excitation is achieved employing a Gaussian 
pulse of 500 ms duration. Other sequence parameters as in figure 2. 

 

 

Thus we can identify the state of the system com-

pletely by performing seven experiments in all. The 

plot of the real part of the density matrix elements is 

shown in figure 5. The imaginary part is identically 

zero. 

3.2 Implementation of SWAP and readout in 1D 

mode 

The SWAP readout performed in 1D fashion has the 

advantage of significant reduction in the readout 

time. The experiment was performed on the sample 

2,3-dibromopropionic acid (AMX, here denoted I1I2I0). 

The coupling constants are J01 = 11⋅05 Hz, J02 = 

4⋅53 Hz, J12 = 10⋅02 Hz. Spin X (which gives rise to 

the lowest field multiplet) is used as the observer 

spin I0 while the spins A and M are used as opera-

tional spins (I1, I2). 

 The spectra obtained for the sequence with and 

without SWAP are shown in figures 6b and c respecti-

vely, the normal 1D 
1
H NMR spectrum being dis-

played in figure 6a for reference. 

 Four experiments were performed, exciting one 

multiplet component of the observer spin in each. 

Excitation of line-a leads to line-d and vice versa, 

regardless of the SWAP operation. However when 

line-b or line-c is excited, the effect of SWAP is 

seen as expected: intensity migrates to the other 

component without SWAP, while with SWAP inten-

sity returns to the transition excited. 

 When performed in a conventional 2D mode the 

experiment time is typically two orders of magni-

tude higher. Note that in the spectra with SWAP 

(figure 6b) we lose some signal intensity, owing to 

relaxation losses during the extended isotropic mix-

ing period. 
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Figure 7. Spectra of 2,3-dibromopropionic acid. (a) Decoded spectra with SWAP. (b) 
Decoded spectra without SWAP. (Arbitrary ‘shift’ scale.) Here the transition selective 
excitation is achieved employing a modulated Gaussian pulse of 500 ms duration.  
The modulation scheme follows the rows in the Hadamard matrix. The decoding  
scheme follows the column in the Hadamard matrix. Other sequence parameters as in 
figure 2. 

 

 

 

3.3 Implementation of SWAP and readout in  

multiplexed 1D mode 

The 1D SWAP described in §2.3 can be performed 

in a 1D multiplexed mode. In this present case 

which involves four transitions in each multiplet, the 

experiment is performed in one-fourth of the time 

required by the single transition selective mode of 

the experiment, to attain a given sensitivity. The de-

coded spectra are shown for the experiments with 

and without SWAP operation in figures 7a and b re-

spectively. 

 Here we perform four experiments with the multi-

plet components of the observer spin (I0) being 

phase encoded in accordance with the rows of the 

Hadamard matrix (table 5) of order four. The decod-

ing scheme follows the columns of the Hadamard 

matrix, and is shown at the top of each spectrum. 

Note that the spectra exhibit the same patterns as in 

figures 6b and c, respectively. 

 The measured sensitivities with and without the 

multiplexed mode in the 1D SWAP operation are 

comparable for the corresponding experiments. It 

may be noted however that the experimental time 

for the multiplexed mode is reduced by a factor of 

four. 

4. Conclusion 

We have reported some general approaches in en-

semble quantum computing. Specifically, we have 

demonstrated the advantages to be gained by the  

application of rotating frame coherence transfer se-

quences for ‘initialization’ of the NMR spin ensem-

bles, as well as for gating as exemplified by the 

SWAP operation. We have also demonstrated a 1D 

and multiplexed 1D approach to the readout process 

for the SWAP operation. The extension of our work 

to larger networks of coupled spins and to multi-

level systems is in progress.  
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